Introduction
Let Isom(H 5 ) be the group of isometries of the hyperbolic space H 5 of dimension five, and Isom + (H 5 ) its index two subgroup of orientationpreserving isometries. In [3] (see also [6] ) the lattice of smallest covolume among cocompact arithmetic lattices of Isom + (H 5 ) was determined. This lattice was constructed as the image of an arithmetic subgroup Γ 0 of the spinor group Spin(1, 5) (note that Spin(1, n) is a twofold covering of SO(1, n) • ∼ = Isom + (H n )). More precisely, Γ 0 is given by the normalizer in Spin(1, 5) of a certain arithmetic group Λ 0 ⊂ G 0 (k 0 ), where k 0 = Q( √ 5) and G 0 is the algebraic k 0 -group Spin(f 0 ) defined by the quadratic form In [3] the index [Γ 0 : Λ 0 ] was computed to be equal to 2. We note that it is easily checked that Λ 0 contains the center of Spin (1, 5) , so that the covolume of the action of Λ 0 on H 5 is the double of the covolume of Γ 0 .
In this article we construct a cocompact arithmetic lattice Γ 2 ⊂ Spin(1, 5) of covolume slightly bigger than the covolume of Λ 0 , and we prove that it realizes the third smallest covolume among cocompact arithmetic lattices in Spin (1, 5) . In other words, we obtain the second and third values in the volume spectrum of compact orientable arithmetic hyperbolic 5-orbifolds, thus improving the results of [3, 6] for this dimension. For notational reasons we put Γ 1 = Λ 0 . Moreover, for i = 0, 1, 2, we denote by Γ ′ i the image of Γ i in Isom + (H 5 ). The precise formulas for the hyperbolic covolumes of these lattices are given below in Proposition 4. We list in Table 1 the corresponding numerical  approximations. A central motivation for Theorem 1 is that the lattices Γ ′ 0 , Γ ′ 1 and Γ ′ 2 can be related to concrete geometric objects. Namely, let P 0 and P 2 be the two compact Coxeter polytopes in H 5 described by the following Coxeter diagrams, of respective Coxeter symbols [5, 3, 3, 3, 3] and [5, 3, 3, 3, 4] (see §4):
These two polytopes were first discovered by Makarov [10] (see also Im Hof [7] ) (see §4). Combinatorially, they are simplicial prisms. Let P 1 = DP 0 be the geometric double of P 0 with respect to its Coxeter facet [5, 3, 3, 3] . It follows that the Coxeter polytope P 1 can be characterized by the following Coxeter diagram, of symbol [5, 3, 3, 3, 3 1,1 ]:
We denote by ∆ i ⊂ Isom(H 5 ) the Coxeter group generated by the reflections through the hyperplanes delimiting P i (0 ≤ i ≤ 2). It is known, by Vinberg's criterion [14] , that the lattices ∆ 0 (thus ∆ 1 as well) and ∆ 2 are arithmetic.
Theorem 2. For
In particular, ∆ 0 realizes the smallest covolume among the cocompact arithmetic lattices in Isom(H 5 ).
The proof of Theorem 2 is obtained as a consequence of Theorem 1 (more exactly from the slightly more precise Proposition 6) together with an geometric/analytic computation of the volumes vol(P 0 ) and vol(P 2 ) that will be presented in §4. We note that the fact that ∆ 2 and Γ ′ 2 are commensurable lattices follows from the work of Bugaenko [4] where ∆ 2 is constructed by applying Vinberg's algorithm on the same quadratic form (2.1) which we will use below to construct Γ 2 . No arithmetic construction of ∆ 0 and ∆ 1 was known so far.
The approximations of the volumes of P 0 , P 1 and P 2 are listed in Table 1 . These volumes can be obtained by two completely different approaches: from the method given in §4, or from the covolumes of the arithmetic lattices Γ i , which are essentially computed with Prasad's volume formula [13] . The comparison of these two approaches has some arithmetic significance that will be briefly discussed in §5.
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Construction and properties of Γ 2
We call an algebraic group admissible if it gives rise to cocompact lattices in Spin (1, 5) ; see [3, §2.2] for the exact definition. We say that an admissible k-group G is associated with k/ℓ, where ℓ is the smallest field extension of k (necessarily quadratic) such that G is an inner form over ℓ, sometimes called "splitting field" of G. We use the same terminology for the arithmetic subgroups of G. Admissibility imposes that G is of type 2 A 3 , the field k is totally real, and ℓ has signature (2 
. Note that since we consider only cocompact lattices in this article, we assume that k = Q. In the following, the symbol V f will always refer to the set of finite places of the base field k (and not of ℓ).
Let G 2 be the algebraic spinor group Spin(f 2 ) defined over k 0 = Q( √ 5), where f 2 is the following quadratic form:
which has a discriminant of absolute value D ℓ 2 = 400. The following proposition shows an analogy between G 2 and G 0 (cf. [3, Prop. 3.6] Proof. Since ω is an integer unit in k 0 it easily follows that for at each nondyadic place v = (2) the form f 2 has the same Hasse symbol as the standard split form of signature (3, 3) . From the structure theory of Spin described in [3, §3.2] we conclude that G 2 must be quasisplit at every finite place v (note that at the place v = (2), which is ramified in ℓ 2 /k 0 , the group G 2 is necessarily an outer form). Similarly to the proof of [3, Prop. 3.6] , the second affirmation follows from [3, Lemma 3.4] together with the HasseMinkowski theorem.
We write here k = k 0 . By Proposition 3 we see that for every finite place v ∈ V f there exists a special parahoric subgroup P v ⊂ G 2 (k v ). More precisely, P v is hyperspecial unless v is the dyadic place (2) (the particularity of v = (2) comes from the fact that this place is ramified in the extension ℓ 2 /k 0 ). The collection (P v ) v∈V f of special parahoric subgroups can be chosen to be coherent, i.e., such that v P v is open in the group G 2 (A f ) of finite adelic points. We now consider the principal arithmetic subgroup associated with such a coherent collection:
The covolume of Λ 2 can be computed with Prasad's volume formula [13] . If µ denotes the Haar measure on Spin(1, 5) normalized as in [3] (which corresponds to the measure µ S in [13] ), then we obtain:
where C = 3 · 2 −7 π −9 , the symbol ζ k denotes the Dedekind zeta function associated with k, and L ℓ/k = ζ ℓ /ζ k is the L-function corresponding to a quadratic extension ℓ/k.
We can now construct the group Γ 2 and compute its hyperbolic covolume. In the same proposition we recall the value of the hyperbolic covolume of Γ 0 , which was obtained in [3] .
where ℓ 0 is the quartic field with x 4 − x 3 + 3x − 1 as defining polynomial.
Proof. The relation between the measure µ and the hyperbolic volume is described in [3, §2.1], where it is proved that in dimension 5 the hyperbolic covolume corresponds to the covolume with respect to 2π 3 × µ. Thus it remains to prove that [Γ 2 :
It follows from the theory developed in [3, §4] that the index [Γ 2 : Λ 2 ] is equal to the order of the group denoted by A ξ in loc. cit., which can be identified as a subgroup of index at most two in
4 and x > 0 ; (2.7)
Note that in particular, for the integers q and q ′ introduced in [3, §4.9], we have q = q = 1. Moreover, if v = (2) denotes the (unique) ramified place of ℓ 2 /k, the subgroup A ξ is proper of index two in A 4 /(ℓ 
Proof. To prove this we can follow the same line of arguments as in [3, §6] , where the result is proved for Γ 0 ⊂ G 0 (our situation corresponding to the case of the type 2 D 2m+1 ). Thus, using [3, §6.5], the result follows by checking that L/A and U L /U A have the same order (equal to 2), where
and U L (resp. U A ) is the intersection of L (resp. A) with the integers units in ℓ 2 .
Proof of Theorem 1
In view of Proposition 4, Theorem 1 is a direct consequence of the following statement. (1, 5) be the full inverse image of Γ ′ . We suppose that Γ is an arithmetic subgroup of the group G defined, associated with ℓ/k. From the values given in (2.5) and (2.6), it is clear that if Γ is a proper subgroup of Γ 0 , Γ 1 or Γ 2 , then vol(Γ ′ \H 5 ) > 4 · 10 −3 . Thus it suffices to prove the result assuming that Γ is a maximal arithmetic subgroup with respect to inclusion. In particular, Γ can be written as the normalizer of the principal arithmetic subgroup Λ associated with some coherent collection P = (P v ) of parahoric subgroups P v ⊂ G(k v ).
First we suppose that k = k 0 , and ℓ = ℓ 0 or ℓ 2 . By Proposition 3 and its analogue for G 0 , if G is not isomorphic to G 0 or G 2 then at least one P v is not special. In particular, a "lambda factor" λ v ≥ 18 appears in the volume formula of Λ [3, §7.1]. Together with [3, (15) ] (note that we do not assume here that Γ = Γ m , in the notation of loc. cit.) this shows that the covolume of Γ is at least 9 times the covolume of Γ 0 . Now if G is isomorphic to G 0 or G 2 , Proposition 5 and its analogue for G 0 show that at least one P v is not special, and the same argument as above applies. Now we consider the situation (k, ℓ) = (k 0 , ℓ 0 ) nor (k 0 , ℓ 2 ). We will use the different lower bounds for the covolume of Γ given in [3, §7] . Note that in our case the rank r of G is equal to 3. The notations are the following: d is the degree of k, D k and D ℓ are the discriminants of k and ℓ in absolute value, and h ℓ is the class number of ℓ. Moreover, we set a = 3 3 
For each of the nineteen fields k we easily obtain an upper bound b k for D ℓ for which the right hand side of (3.3) is at most 4 · 10 −3 . Thus we only need to analyse the fields ℓ with D ℓ ≤ b k . Let us fix a field k. The computational method described [5] 
The case (3.6) follows from Proposition 7 below. Let us then consider the case associated with (3.5). The smallest possible covolume of a maximal arithmetic subgroup Γ = N Spin(1,5) (Λ) associated with ℓ/k would be in the situation when all parahoric subgroup P v determining Λ are special. In this case, by [3, Prop. 4 .12] the index [Γ : Λ] is bounded by 8, and together with the precise covolume of Λ by Prasad's formula, we obtain (using Pari/GP to evaluate the zeta functions):
This concludes the proof. Proof. Let k = k 0 . The field ℓ can be concretely described as ℓ = k( √ β),
Proposition 7. Let ℓ be the quadratic extension of
this is a divisor of 19). We consider the algebraic group G = Spin(f ) defined over k = k 0 , with
Similarly to [3, Prop. 3 .6], we have that G is quasisplit at every finite place v ∈ V f (note that the proof for the unique dyadic place can be simplified in loc. cit. by noting 2 is inert in ℓ and thus, G must be an outer form, necessarily quasisplit, cf. [3, §3.2]). It follows that there exist a coherent collection of special parahoric subgroups P v ⊂ G(k v ), and by Prasad's volume formula the hyperbolic covolume of an associated principal arithmetic subgroup Λ is given by
The index [Γ : Λ] of Λ in its normalizer Γ can be computed using the same method as in the proof of 
Proof of Theorem 2
Consider the vector space model R 1,5 for H 5 as above and represent a hyperbolic hyperplane H = e ⊥ by means of a space-like unit vector e ∈ R 1,5 . A hyperbolic Coxeter polytope P = ∩ i∈I H − i is the intersection of finitely many half-spaces (whose normal unit vectors are directed outwards w.r.t. P and) whose dihedral angles are submultiples of π. The group ∆ generated by the reflections with respect to the hyperplanes H i , i ∈ I, is a discrete subgroup of Isom( We are particularly interested in the quasi-Coxeter groups ∆ i and the polytopes P i (see §1) as given in Table 2 . In order to compute the volumes of P i , we consider the 1-parameter sequence of compact 5-prisms with symbol P (α) : [5, 3, 3, 3, α] where α ∈ [π/4, 2π/5]. Geometrically, they are compactifications of 5-dimensional orthoschemes by cutting away the ultra-ideal principal vertices by the associated polar hyperplanes. The sequence (4.1) contains the Coxeter polytopes P 0 = [5, 3, 3, 3, 3] and P 2 = [5, 3, 3, 3, 4] as well as the pseudo-Coxeter prism [5, 3, 3, 3, 5/2] . There is no closed volume formula for such polytopes known in terms of the dihedral angles. However, for certain non-compact
Group Coxeter diagram
Coxeter symbol Polytope 
and finally, 
Here, For the volume calculation of the prisms P 0 and P 2 , we apply the volume differential formula of L. Schläfli (see [11] , for example) with the reference value (4.4) in order to obtain the simple integral expression
with a compact tetrahedron [5, 3, β(t) ] whose angle parameter β(t) ∈ ]0, π/2[ is given by
Then, the volume of the 3-dimensional orthoscheme face [5, 3, β(t) ] as given by Lobachevsky's formula (see [8] , (67), for example) equals
where
is Lobachevsky's function (in a slightly modified way).
The numerical approximation of the volumes of P 0 and P 2 can now be performed by implementing the data (4.7), (4.8) and (4.9) into the expression (4.6). We obtain, using the functions intnum and polylog in Pari/GP, that the three volumes of P 0 , P 1 and P 2 (in increasing order) are clearly less than 2 · 10 −3 . Since the groups ∆ i (i = 0, 1, 2) are known to be arithmetic, it follows then from Proposition 6 that their subgroups of index two ∆ + i must coincide with the Γ ′ i . This concludes the proof of Theorem 2.
Remarks on the identification of volumes
Although in the proof of Theorem 2 it suffices to use the rough estimate vol(P 2 ) < 2 · 10 −3 , the numerical approximations are much more precise. Namely, the equality vol(Γ ′ i \H 5 ) = vol(∆ Using Pari/GP, a computer checks within seconds that both sides of each equation coincide up to 50 digits (the right hand side being computed from (4.6) like in last step of §4).
The equalities (5.1) have also some arithmetic interest, due the presence on the left hand side of the special value L ℓ/k 0 (3) (with ℓ = ℓ 0 or ℓ 2 ). Since k 0 is totally real, it follows from the Klingen-Siegel theorem (see [9] ; cf. also [12, App. C]) that ζ k 0 (2)ζ k 0 (4) is up to a rational given by some power of π divided by D k 0 = √ 5. Thus, from (5.1) the nontrivial part L ℓ/k 0 (3) of vol(Γ ′ i \H 5 ) can be expressed by a sum of integrals of Lobachevsky's functions. A related but much more significant idea is the possibility, predicted by Zagier's conjecture, to express L ℓ/k 0 (3) as a sum of trilogarithms evaluated at integers of k 0 . We refer to [15] for more information on this subject.
